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Theorem 1 (Theorem 2 in the main text). Suppose Ty, Tp are unrooted trees on the
same set of leaves. Then Ty and Tp satisfy 1-max path difference cospeciation if and only
if Ty and Tp differ by at most 1 NNI operation.

Proof. 1t is clear that if T is at most 1 NNI from Ty, then Tpr and Ty satisfy 1-max path
difference cospeciation.

To show that if there is 1-max path difference cospeciation, then Ty and Tp differ
by at most one NNI, we use induction on the number of leaves. The base case occurs
when there are 4 leaves. Then, there can be most one NNI, and thus the number of edges
between leaves changes by at most 1.

If some cherry (a,b) in Ty that is also a cherry in T'p, then replace these cherries with
the same leaf and we are done by induction. It remains to consider the case when no
cherry (a,b) in Ty is also a cherry in T’p.

1-max path difference cospeciation implies a and b are at most 3 edges apart, and thus
exactly 3 edges apart, since they do not form a cherry. Then without loss of generality, a
forms a cherry with some subtree S., and b is attached just above this cherry, as shown
in Fig. 1. Futhermore, we can assume, without loss of generality, that in a sequence of
NNIs transforming Ty into T, the NNI moving S. to between a and b occurs last. Let
T, be the second last tree in this sequence of NNIs. Then by our hypothesis, Ty and T,
differ by at least 1 NNI. If Ty and Tp differ by exactly 1 NNI, then there are two cases.
If this NNI is done about an edge in S., then some leaf [ in S, moves one edge closer to
the root of S.. This implies the number of edges between a and [ decreases by 2 between
Ty and T'p, which is a contradiction. Otherwise, a, b, and S, are all contained in one of
the subtrees involved in the interchange, say A (using the notation from Fig. 2). Then
this NNI moves a one edge closer to each leaf in B, and the second NNI moves a one edge
closer to the root of A, and hence to each leaf in B. Thus, the number of edges between
a and any edge in B decreases by 2 between Ty and T'p, which is a contradiction.
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Figure 1: The trees used in the proof of Theorem 2.
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Figure 2: An NNI operation.

Thus at least two NNIs are needed to transform 7Ty into 7T,.. Both Ty and T, contain
the cherry (a,b), so replace this cherry with the leaf ab in Ty to get the tree T}, and in
T. to get the tree 7).

By the induction hypothesis on 77, and 77, there are distinct leaves 4, j such that

\dr: (i, ) — dry, (4, 5)] > 1. (1)
Case (i,5 ¢ Sc and i,j # ab) or (i,j € S;) : Then dp:(i,5) = dr.(i,7) = dp.(4,7) and
1y (5,) = g, (i ). Plugging into (1) gives |dzy (i, ) — day (i, /)| > 1

~(i,a) — 1, and
dry (i, ab) = dr, (i,a) — 1. Plugging into (1) gives |dr, (i,a) — dr, (i,a)| > 1.

Case i ¢ Sc, and j = ab :  Then dp(i,ab) = dr.(i,a) — 1 = dr

Casei € S., j ¢ S., and j # ab : Consider the subtree of T/ containing ab, S., 7j,
and the paths between them. Let x be the number of edges between j and the common
ancestor of ab and 7. Let y be the number of edges from the root of subtree S, to ¢. Let V'
be the interior vertex where the paths from ab, 7, and j meet in 7%,. Let u be the number
of edges between ab and V. Let v be the number of edges between j and V. Let w be the
number of edges between ¢ and V. Then dr,(i,7) = 1 + x +y. Since dp (i, j) = dr.(i, j)
and dry (i, j) = dry, (i, 7), then |dry, (i, j) —dr, (i, )| > 1, which implies dr, (4,7) < v+y—1
or dr,(i,7) > x+y+3. Now dr,(i,j) = 2+ x +y, so 1-max path difference cospeciation
implies dr,, (i,7) = x + y + 3. By definition of v and w, v +w = drp,(i,j) = x + y + 3.
We have dr,(a,i) =2+ vy, dr,(b,i) = 3 + vy, and dr,(a,i) = dr, (b,7). So 1-max path
difference cospeciation implies dry, (a, i) = dr, (b,i) = 24y or 34+ y. This implies u+w =
1+y or 2+y. We also have dr,(a,j) = 2+x, dr.(b,j) = 1 +x, and dr, (a, j) = dr, (b, j).
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Then 1-max path difference cospeciation implies dr,(a,j) = dr, (b,j) = 1+ x or 2 + x.
This implies v +v =z or 1 4 x.

Then either (v+w) — (u+w) =v—u=z+2o0orz+1. fv—u=x+2and u+v =z,
then 2v = 224+ 2 or v = x + 1. This implies u© = —1, which is impossible. If v —u = x4+ 2
and u+v = 14z, then 2v = 2x+ 3, which is impossible, because all variables are numbers
of edges, and hence integers. If v —u =2+ 1 and v + v = z, then 2v = 2z + 1, which is
also impossible because all variables are integers. Finally, if v —u =2+ 1 and u+v = z,
then 2v = 2x + 2, which implies v = z + 1 and v = —1, which is impossible. Therefore,
v+ w =dr,(i,j) # x + y + 3, which is a contradiction.

Case i =ab and j € S, : Then dr/(ab,j) = dr.(b,j) =1 = dr.(b,j) — 1 and dTh(ab,j) =
dr, (b,j) — 1. Plugging into (1) gives |dr, (b, j) — dry, (b,j)| > 1.

Therefore, there exist at least two leaves, such that the number of edges between them
changes by more than 1 from Ty to Tp, which is a contradiction. O



