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6.1 Bootstrap procedure

Here is the outline of our bootstrap procedure we have used in the main manuscript.

Algorithm 1. Input: Alignments D1 and D2

Output: An estimated p-value, under the null H0 : ||v(T1)− v(T2)|| = 0

1. Compute tree estimates v(T̂1), v(T̂2) from the data D1, D2.

2. Compute d = ||v(T̂1)− v(T̂2)||. //Using the formula in (3).

3. Let p = 0 and for i = 1 to N do

• Take a bootstrap sample D∗
1 from the columns of alignment D1 and a bootstrap sample D2

∗ from the
columns of D�.

• Compute tree estimates v(T1
∗), v(T2

∗) from the data D
∗
1, D2

∗.

• Test the condition: if d ≤ ||v(T̂1)− v(T1
∗)||+ ||v(T̂2)− v(T2

∗)|| then set p = p+ 1.
// the bound in (2) for p.

4. Set p = p
N and return p as the p-value of the hypothesis test.

During the “Test the condition” step, one could alternatively use the less conservative condition d ≤ max(||v(T̂1)−
v(T1

∗)||, ||v(T̂2)− v(T2
∗)||)

6.2 Proof of Proposition 1

Proof. For any a ∈ Rm, let aT be the transpose of a. Since x1, x2, y1, y2 ∈ Rm are mutually independent, the
bilinearity of dot-product gives E(xT

1 x2) = E(x1)TE(x2) and similarly E(yT1 y2) = E(y1)TE(y2) and E(xT
1 y1) =

E(x1)TE(y1). Also for any vectors a, b ∈ Rm, we have the identity a
T
b = b

T
a.

Then we have
E(||x1 − y1||2)

= E((x1 − y1)T (x1 − y1))
= E(xT

1 x1 + y
T
1 y1 − x

T
1 y1 − y

T
1 x1)

= E(xT
1 x1) + E(yT1 y1)− E(xT

1 y1)− E(yT1 x1)
= E(xT

1 x1) + E(yT1 y1)− E(x1)TE(y1)− E(y1)TE(x1)
= E(xT

1 x1) + E(yT1 y1)− 2µT
xµy.

(5)
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But
E(xT

1 x1)
= E

�
(x1 − x2 + x2)T (x1 − x2 + x2)

�

= E[(x1 − x2)T (x1 − x2) + x
T
2 (x1 − x2)

+(x1 − x2)Tx2 + x
T
2 x2]

= E
�
(x1 − x2)T (x1 − x2)

�
+ E

�
x
T
2 (x1 − x2)

�

+E
�
(x1 − x2)Tx2

�
+ E(xT

2 x2)
= E

�
(x1 − x2)T (x1 − x2)

�
+ E(xT

2 x1)− E(xT
2 x2)

+E(xT
1 x2)− E(xT

2 x2) + E(xT
2 x2)

= E
�
(x1 − x2)T (x1 − x2)

�
+ E(xT

2 x1)− E(xT
2 x2)

+E(xT
1 x2)

= E
�
(x1 − x2)T (x1 − x2)

�
+ µ

T
xµx − E(xT

2 x2)
+µ

T
xµx

= E
�
(x1 − x2)T (x1 − x2)

�
+ 2µT

xµx − E(xT
2 x2)

= E
�
(x1 − x2)T (x1 − x2)

�
+ 2µT

xµx − E(xT
1 x1)

Thus we have
2E(xT

1 x1) = E
�
(x1 − x2)

T (x1 − x2)
�
+ 2µT

xµx. (6)

By dividing the both sides of the equation in (6) by 2 we have:

E(xT
1 x1) =

1

2
E
�
(x1 − x2)

T (x1 − x2)
�
+ µ

T
xµx. (7)

Similarly we have

E(yT1 y1) =
1

2
E
�
(y1 − y2)

T (y1 − y2)
�
+ µ

T
y µy. (8)

Then we substitute E(xT
1 x1) and E(yT1 y1) in equations (7) and (8) into the equation in (5), we have

E(||x1 − y1||2)
=

�
1
2E

�
(x1 − x2)T (x1 − x2)

�
+ µ

T
xµx

�

+
�
1
2E

�
(y1 − y2)T (y1 − y2)

�
+ µ

T
y µy

�

−2µT
xµy

= 1
2E

�
(x1 − x2)T (x1 − x2)

�
+ 1

2E
�
(y1 − y2)T (y1 − y2)

�

+
�
µ
T
xµx + µ

T
y µ− 2µT

xµy

�

= 1
2E

�
(x1 − x2)T (x1 − x2)

�
+ 1

2E
�
(y1 − y2)T (y1 − y2)

�

+||µx + µy||2.

(9)

6.3 Supplement for simulation studies

Throughout the remaining subsections, Condition (i) refers to the condition tested in Algorithm 1: d ≤ ||v(T̂1)−
v(T1

∗)||+||v(T̂2)−v(T2
∗)||. Condition (ii) refers to the alternative condition d ≤ max(||v(T̂1)−v(T1

∗)||, ||v(T̂2)−
v(T2

∗)||).

6.4 Results with biological data sets
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Data set i ii di
st

Gopher-louse (dataset 1) 0.64 0.02 0.120
Gopher-louse (dataset 2) 0.40 0.02 0.128
Gopher-louse (dataset 3) 0.84 0.07 0.117
Gopher-louse (dataset 4) 0.59 0.03 0.122

Grass-endophyte (tefA gene) 0.04 0.00 0.073
Grass-endophyte (tubB gene) 0.08 0.01 0.088
Grass-endophyte (tefA tubB genes) 0.00 0.00 0.073

Table 8: The numbers in this table are p-values for our statistical hypothesis testing estimated by our method
with the grass-endophyte data sets from [22]. dist represents the average of the normalized difference of means
with posterior distributions given the original sequence data sets.

Data set i ii Pe
rm

ut
ed

di
st

(- E2368)
endophyte 16-taxa (lolC vs tubB) 0.34 0.00 0.00 0.100
endophyte 16-taxa (lolC vs tefA) 0.23 0.00 0.00 0.105
endophyte 16-taxa (tefA vs tubB) 0.87 0.05 0.00 0.08

(- E1125)
endophyte 16-taxa (lolC vs tubB) 0.67 0.01 0.093
endophyte 16-taxa (lolC vs tefA) 0.87 0.04 0.073
endophyte 16-taxa (tefA vs tubB) 0.95 0.16 0.069

Table 9: The numbers in this table are p-values for our statistical hypothesis testing estimated by our method
with the endophyte data sets from tefA, tubB, and lolC genes. dist represents the average of the normalized
difference of means with posterior distributions given the original sequence data sets. (- E2368) means that they
are with the data sets after removing E2368 and (- E1125) means that these are the results with the data sets after
removing E1125.
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Figure 5: Box plots of p-values for simulated data. We generated ten gene trees for each species depth (i.e. 30
different gene trees in total) for each species tree. Sequences for each gene tree were generated using the HKY
model. Species depths of 1, 000, 000, 600, 000 and 100, 000 were used, with fixed population size of 100, 000.
White box plots are for testing Type I error by comparing identical gene trees generated by Mesquite (we used
the species tree on the right in Figure 2), light grey box plots represent the p-values with two different gene trees
generated from the same species tree under the coalescence model (we used the species tree on right in Figure
2), and dark grey box plots summarize the p-values with gene trees generated from two different species trees.
Some boxes of p-values are identically zero. Box plots were computed in R [28] using boxplot
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Figure 6: ROC curve for our method with the condition (i). The line labeled ’X’ is the ROC curve for our method, and the
solid line corresponds to True Positive Rate = False Positive Rate. We used the software R [28] to fit the curve using the
function loess. The dotted lines are for 95% confidence intervals of the fit.
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