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Birth-Death Process on a 2-dim’l Grid

Consider a discrete-time Markov chain Z with state space

E ={0,1,....,m} x{0,1,...,n}. The chain makes jumps of
size one either upwards, downwards, to the right, or to the left.
We regard E as a graph in the plane, called the m x n grid.
The dynamics of Z are specified by the transition probabilities

Ly = Prob{Ziy1 = (i—1.j) | Zx = (i,))}
Rj = Prob{Ziy1 = (i+1.j) | Zx = (i,))}
Dy = Prob{Zxi1=(i,j—1)| Zk = (i,))},
Uj = Prob{Ziy1=(i,j+1) | Zx=(i,j)}
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The transition matrix P of the Markov chain Z has format
(m+1)(n+1) x (m+1)(n+1).

We write it as a sum of two matrices, P = P, + P,,
one for horizontal moves and one for vertical moves.



The 2-by-1 Grid
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Commuting Variety

We are interested in those Markov chains for which the horizontal
matrix P, commutes with the vertical matrix P,. This happens if
and only if the following four constraints hold for all index pairs:

UijRij+1 = RijUiy1; (up-right)
Djj+1Rij = Rij+1Diy1j41  (down-right)
Dit1j+1liv1j = Liv1j+1Dijt1  (down-left)
Uitrjlit1j+1 = Liv1Uij  (up-left).

In English: for each corner of a square in the grid, the probability
of going from that corner to the diagonally opposite corner of the
square in two steps is the same for the two possible paths.
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Let /(™) be the binomial ideal generated by these constraints.

The analogous birth-death process on the d-dimensional grid of
format ny x --- X ng4 also defines a binomial ideal [(msena)



Primary Decomposition for the 2-by-1 Grid

The ideal /(1) s radical. Its 11 components come in six classes:
1. The main component has codimension 6 and degree 16:

<R00 Uoo L11 U11> ST <R10 U L1 D21>

I, = L
A >\Ro1 Ui Lo Doy 2\Ri1 U Ly Dny

2. Two components of codimension 7 and degree 4 ~ V/(/(1:1))

3. The monomial component representing horizontal transitions
has codimension six: <U00, U107 U20, DOl: Dll: D21>

4. The monomial component representing vertical transitions has
codimension eight: < Roo, Ro1, R0, R11, Lo, L11, Loo, Lot >

5. Another pair of monomial primes of codimension 8, such as

( Roo, Ro1, L10, L11, U0, U2o, D11, D21 )

6. Four monomial primes of codimension 7, such as

Y

( R10, L1, Uoo, Uio, Do1, D11, Do1).

A



The 3-Cube and a Conjecture

I(L11) is generated by 24 quadratic binomials (four for each face
of the 3-cube) in 24 unknowns (two for each edge of the 3-cube):

(L100Uooo — U100L1105 L101Uoor — Vo1 Lait, LitoDoto — DitoLioo, L111Dorr — Diilions
L100Fooo — Frooli01, Li10Fo10 — Fiioli11, Lio1Boor — Bioilioo, Li11Bo11 — Biiiliio,
Rooo U100 — Uooo Ro10, Roo1Ui01 — Upo1Ro11, RoioD110 — Do1oRooos Roi1Diir — Do11Roor,
RoooF100 — FoooRoo1, Ro10F110 — Fo10Ro11, Roo1Bio1 — Boo1Rooo, Roi1Bi11 — BoiiRoio,
Bio1 U100 — U101 B111, Boo1 Uooo — Uoo1 Boi1s Boi1Doio — Do11Boo1s Bii1Dito — Di11Bion,
Fooo Uoo1 — Uooo Fo1o, Fio0 U101 — UiooFi105 For0Do11 — DotoFooos Fi10D111 — Di1oFioo )-

This ideal is the intersection of 135 prime ideals. The main
component is a unimodular toric ideal /4 of codimension 14

and degree 300. Its Markov basis has 53 elements (33 quadrics, 8
cubics and 12 quartics), and its Graver basis has 3698 elements (42
quadrics, 224 cubics, 1032 quartics, 1728 quintics and 672 sextics).

Besides /4, there are 91 monomial primes and 43 other primes.
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Conjecture (disproved by Thomas Kahle)
The binomial ideal 1(m>"4) js always radical.



Parametrization of the Main Component

Theorem
Fix strictly positive transition probabilities P(u,v) on a
d-dimensional grid. The directional transition matrices
P1,Ps, ..., Py commute pairwise if and only if

P(u,v) = a,- W(u,v)-a,t, uveeE,
for some collection of parameters a, and W (u, v) that satisfy
W', v') = W(u",v") when v/ — u' € {+ex} for some k and
{u" V"t ={v+w,v' +w} for some w € 3, Ze;. The a, are
unique up to a common multiple, and the W (u, v) are unique.

We write this parametrization as an integer matrix A with entries
0,41, —1. The corresponding toric ideal /4 is our main component.



The Integer Matrix A

Let A(":74) be a matrix that has one column for each grid edge
(u, v) and one row for each parameter a, or W/(u,v). The column
for (u,v) has +1 in the rows a, and W(u,v), and —1 in row a,.

Format : (ﬁ(n; +1)+ z’": n;) x |2 ; n; H(nj +1)

i=1 i=1 i=1 i
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Let A(":74) be a matrix that has one column for each grid edge
(u, v) and one row for each parameter a, or W/(u,v). The column
for (u,v) has +1 in the rows a, and W(u,v), and —1 in row a,.
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Example: The 9x14-matrix A1) has rank 8 and equals

Roo Roi Rio Ruin Lo Lin Ly L Up Uw Uxp Don Din Dxn
aoo 1 0 0 0 -1 0 0 0 1 0 0 -1 0 0
ao1 0 1 0 0 0 -1 0 0 -1 0 0 1 0 0
app | -1 0 1 0 1 0 -1 0 0 1 0 0 -1 0
ai 0 -1 0 1 0 1 0 -1 0 -1 0 0 1 0
ao 0 0 -1 0 0 0 1 0 0 0 1 0 0 -1
any 0 0 0 -1 0 0 0 1 0 0 -1 0 0 1
hy 1 1 0 0 1 1 0 0 0 0 0 0 0 0
hy 0 0 1 1 0 0 1 1 0 0 0 0 0 0
Vi 0 0 0 0 0 0 0 0 1 1 1 1 1 1




Unimodularity and Cayley Structure

The matrix A is a Cayley matrix, i.e., it has a block structure like

o R
—_
o
—
am]
o O D ¥

An integer matrix of rank r is unimodular if all its non-zero r x r
minors have the same absolute value. Investigating whether a
matrix is unimodular is interesting from the perspectives of
algebraic statistics, toric algebra and integer programming.

Theorem
The Cayley matrix A = A("»n4) js unimodular if and only if
d = 2 and the format of the grid is either 2 x 2 or n x 1.



Conclusions

This talk concerned the multilinear algebra problem of
characterizing certain pairs of commuting matrices.

This problem came from Applied Probability,
and we examined it using methods from
Algebraic Statistics and Toric Algebra.
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Many thanks to Rudy Yoshida for organizing this session.



